It has been known that the distribution of the random distances between two uniformly distributed points within a convex polygon can be obtained based on its chord length distribution (CLD). In this report, we first verify the existing known CLD for arbitrary triangles, and then derive and verify the distance distribution between two uniformly distributed points within an arbitrary triangle by simulation. Furthermore, a decomposition and recursion approach is applied to obtain the random point distance distribution between two arbitrary triangles sharing a side.
I. PROBLEM STATEMENT
The goal is to obtain the probability density function (PDF) and cumulative distribution function (CDF) of the random distances between two uniformly distributed points within an arbitrary triangle, and those between two uniformly distributed points separately inside two adjacent arbitrary triangles.
II. RANDOM DISTANCES WITHIN AN ARBITRARY TRIANGLE
In this section, we first introduce the chord length distribution (CLD) function for an arbitrary triangle, based on which the distance distribution between two random points within the triangle is then derived using a systematic approach. The obtained results are verified by simulation as well as by comparison with existing results. 
A. CLD for arbitrary triangles
An approach based on analytic geometry is applied in [1] to obtain the CLD for arbitrary triangles. Let △ABC denote an arbitrary triangle with the side lengths a, b, and c, the internal angles α, β, and γ, and the altitudes h a , h b , and h c , respectively (see an example shown in Fig. 1 ). Without loss of generality, let a ≥ b ≥ c. The perimeter of the triangle is u = a + b + c, and area isÃ = 
− c).
Let l represent the chord length. According to [1] , the CDF of the chord length of the triangle △ABC is given in three cases according to the variation of α and/or the relationship between h c and c:
and h c < c
and h c ≥ c .
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, and ϕ 3 = arccos hc l .
In [1] , the above chord length CDF in (1) was not verified, which will be done in Section II-C through simulation.
B. Point distance distribution for arbitrary triangles
In this subsection, we derive the PDF and CDF of the distances between two random points within an arbitrary triangle.
1) PDF:
Denote the PDF of the chord length l for △ABC by f (l), and the PDF of the distance
. According to [2] , the relationship between these two functions is given by
Following [3] , we have
where
and h c < c I *
With (3), we have
where K ik indicates that it is for case "i)" (i = 1, 2, or 3; e.g., if i = 1, it is the current case α > π 2 ), and k = 1 . . . 7:
C. Verification by simulation
In this subsection, we first verify the CLD function (1) for arbitrary triangles derived in [1] , which leads to an elementary geometry approach to obtaining CLD, and then verify our derived distribution of the distances between two random points within an arbitrary triangle, by comparing our results with those of simulation.
Algorithm 1 Simulation Algorithm for Chord Length Computation

Input:
Parameters with regard to an arbitrary triangle △ABC:
Chord length list L c ; 1: δθ = π 180
; δd = 
13:
; x I = y I cot θ; // coordinate of point I;
14: 
18:
; y I = 0; // coordinate of point I; // case 2), 4), 6) 33:
; and insert l into L c ; 36: 
1) CLD verification:
Let us build a rectangular coordinate system for the arbitrary triangle shown in Fig. 1 . Without loss of generality, let vertex C be located at the origin, and side CB on the positive x-axis. For a given chord in line L with a given orientation θ (without loss of generality, with regard to CB), there are six cases as shown in Fig. 2 : 1) θ = 0 or π; 2) 0 < θ < γ; 3) θ = γ; 4) γ < θ < π − β;
The simulation is conducted as follows. Let θ increase from 0 to π with a fixed small step of δθ (e.g.,
). For each specific θ, let the triangle be exactly between two lines G 1 and G 2 which are parallel with L (G 1 and G 2 intersect the boundary of the triangle). Denote the distance between G 1 and G 2 by d.
Using a fixed, small δd (e.g., δd = opposite side of the remaining vertex intersects is denoted by I, as shown in Fig. 2 (2) , (4), and (6), with the corresponding cord length denoted by base. Without loss of generality, if
The algorithm is summarized in Algorithm 1.
We use three triangles listed below as examples, which cover the three cases, respectively, i.e., 1) α > , a = 1). As shown in Fig. 3 , the results from the CDF in (1) match very closely with the simulation results, verifying the correctness of (1).
The above CLD verification for arbitrary triangles by simulation indicates a different approach to the CLD derivation based on elementary geometry from the one in [1] . Specifically, take the case 0 < θ < γ This method can easily be extended to the CLD derivation for an arbitrary convex 4-gon.
2) Random distances distribution verification:
With the same triangle examples used above, Fig. 5 plots the PDFs of the random distances given in (2). Fig. 6 shows a comparison between the CDFs of the random distances in (6) and the simulation results by generating 10,000 pairs of random points within the triangle with the corresponding geometric locations. It demonstrates that our distance distribution functions are very accurate when compared with the simulation results.
We also compare our derived results in (6) with existing results for equilateral triangles. In [4] , following a different approach, the PDF and CDF of random distances between two uniformly distributed points within an equilateral triangle with side length equal to 1 (which is defined as a unit equilateral triangle) are g ET (d) and G ET (d), respectively, as follows,
(4d 2 + 6) arcsin
Note that although a unit equilateral triangle with side length equal to 1 is assumed in (10) and (11), they can be easily scaled by a nonzero scalar, for an equilateral triangle with arbitrary side length. Specifically, let its side length be s > 0, then
Therefore,
Given a unit equilateral triangle, the simplification of (2) and (6) we derived comes to the same expressions as (10) and (11), respectively. Meanwhile, as shown in Fig. 7 , the derived result for equilateral triangles in this paper matches very closely with the existing result given in (11), as well as the simulation result.
III. RANDOM DISTANCES BETWEEN TWO ARBITRARY TRIANGLES
In this section, we first introduce the approach to obtaining the random distance distribution between two arbitrary triangles sharing a side. The results and verification for two special cases are then provided.
A. Decomposition and recursion approach
There are two cases to be discussed: 1) two arbitrary triangles forming a convex 4-gon; and 2) two arbitrary triangles forming a concave 4-gon. A decomposition and recursion approach can be applied.
1) Two arbitrary triangles forming a convex 4-gon:
As shown in Fig. 8 , △CAB labeled by 1 and △CDB labeled by 2 form a convex 4-gon CABD. Let G, G 1 , and G 2 denote the distributions of the random distances between two uniformly distributed points within CABD, △CAB, and △CDB, respectively, and let G 12 denote the distribution of the random distances between two uniformly distributed points separately inside the two triangles. We have where S, S 1 , and S 2 are the areas of CABD, △CAB, and △CDB, respectively. Therefore,
G 1 and G 2 have been given in (6) . With the CLD of an arbitrary convex 4-gon, which can be derived using the approach introduced in Section II-C, G can be obtained by utilizing (6) , and the author in [6] discussed the CLD for parallelograms. As a case study, G 12 will be derived in Section III-B1 when CABD is a rhombus formed by two congruent isosceles triangles, where G for a rhombus is known in [5] .
2) Two arbitrary triangles forming a concave 4-gon:
If CABD is a concave 4-gon, as shown in By linking AD with the triangle △ABD labeled by 3 as shown in Fig. 9 , the decomposition and recursion approach can still apply, and we have
where G is the distribution of the random distances between two uniformly distributed points within △ACD. If △ACD is an equilateral triangle, and triangle 1, 2, and 3 are congruent with each other,
S, and thus G 12 = 1 2
(3G − G 1 ), where the G of an equilateral triangle is given in (11). The detailed results will be given in Section III-B2. 
B. Results and verification
In this subsection, we provide two case studies. One is the distance distribution between two isosceles triangles forming a rhombus, and the other is that when two obtuse isosceles triangles with the acute angle equal to π 6 form a concave 4-gon. For the first case, when the two triangles are equilateral ones, the results have been given in [4] , and thus we only focus on the case when the two triangles are obtuse ones with the acute angle equal to
1) Distance distribution between two isosceles triangles (with the acute angle equal to
) forming a rhombus: According to [5] , the PDF and CDF of random distances between two uniformly distributed points within a unit rhombus are g R (d) and G R (d), respectively, as follows,
distances between two T s forming a rhombus with side length equal to
, such as |pq| shown in Fig. 10 .
Denote the PDF and CDF of |pq| by g r 2T (d) and G r 2T (d), respectively. Following [4] , we know that
, and thus we have
, where g T (d) and G T (d) have been given in (2) and (6), respectively. Therefore,
36 √ 3 arccos
+ (36 √ 3 arccos 
). Fig. 12 shows a comparison between our derived CDF given in (18) and the simulation results by generating 10,000 pairs of random pints, with the two points of each pair falling in the two triangles, respectively, such as p and q shown in Fig. 10 . It demonstrates that our derived distance distribution functions are very accurate when compared with the simulation results. concave 4-gon, such as CADB shown in Fig. 13 . By linking CD, the PDF g decomposition and recursion is applied, by separately discussing the formed convex and concave 4-gon.
2) Distance distribution between two isosceles triangles (with the acute angle equal to
The results for two special cases, i.e., two congruent isosceles triangles with the acute angle equal to
forming a rhombus and a concave 4-gon, are given in detail.
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